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By a random sequence, we mean a sequence of positive integers which is 
generated by the following stochastic sieving procedure. Let A, be the 
sequence (2, 3,4,...). Then A, is the sequence obtained by eliminating 
from A, each element of A, which is greater than 2 with probability l/2. If 
A, is defined, and A,(n) = k is the nth element of A,, then A,,, is the 
sequence obtained by eliminating each element greater than k with 
probability l/k. A, the random sequence, is the set of integers which 
survive all the eliminations, i.e., A = (A,(n)}. Hawkins [l] has recently 
constructed a sequence of finite probability spaces ‘!J$ , (1p3 ,... for which 
where A, = (2, 3, 4 ,..., n}, & is the class of subsets of A, which include 2, 
and pn(B) is the probability that all numbers in B E U& survive the random 
sieve described above. Hawkins has shown that random sequences satisfy 
the prime number theorem in the sense of the weak law of large numbers. 
In this note, we show that Hawkins’ theorem can be sharpened to a result 
in the sense of the strong law of large numbers. We will prove that the 
prime number theorem is true with probability one for random sequences. 
The result is obtained most easily by considering a single probability 
space 
9-J = (4 a, PFL), 
where A is the set of all sequences containing 2, GZ is contained in the 
power set 2A and p is defined on the cylinder sets of A so as to agree with 
pn on G$ . It can be shown that ‘$ is a well-defined probability space of 
sequences and all the results of Hawkins can be obtained in Fp. (For 
details of this construction, see [3].) If we define the sequence of random 
variables 
M4 = c 1; CXEA, 
ma acn 
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Hawkins’ result was obtained by showing that the mean and variance of h 
are given by 
E[h,] = n/log n + n/log2 n + O(n/lo~ n), (1) 
and 
V[h,] = O(?P/log4 n); 
thus if 0(n) is any function satisfying 
e(n) -+ a2 as 12 -+ cc 
and 
e(n) = o(log n). 
Chebychev’s inequality yields 
(2) 
p(c4 E @ : 1 h,(a) - E[h,]/ < e(n) v1/2[h,]) > 1 - l/@(n). (3) 
Our result will now follow by using a method of L&y, suggested to us by 
Williams. We choose 6 to be any positive real number. If we let I,, = 
[(l + a)“] and apply (3), letting 8(n) = log n/log log n and n = 1,) we 
obtain 
p{a: E 02: / h,,(a) - E[h,,]l > Z,/log 1, log log 1%) < C(log log &J2/log I, 
= O((log2 n)/n2). (4) 
Since the sum on the right-hand side of (4) converges, we can use the 
Borel-Cantelli lemma with (1) to assert that for almost all ~11 E GY, 
&&4 - -m,,l - Ll~% &I . (5) 
This is essentially what Hawkins obtained in [I, Eq. (36)J. We now observe 
that for a fixed LY E GJ’, h,(a) is monotonic nondecreasing and for i satis- 
fying I, < i < l,,, , we have 
&,(4 < hi(4 < han+l(4, 
or 
(h,,(a) log i)/i < M4/(i/log i> < (~l,+,(o(> log W, 
or 
(&,(4 log WLL,l --. < M4lWog i> G &+,(4 1% h+JL . 
Therefore, (5) implies that for almost 01 E A, 
(1 + o(l)) LJn+1 < MMi/log i> < (L+A)(l + o(l>h L < i -c L , 
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or for almost all 01, 
(1 + O(l))/(l + 6) < Ua)/(i/log 9 < 1 + 6 + 411, (6) 
and one should note that (6) is valid for any S > 0. We now choose a 
sequence {pi} of positive numbers converging to zero and let 
for all but a finite number of i. (The finite number can depend on a). Then 
(6) implies that p(GJ = 1 for each i and hence 
But any sequence contained in all the Gi must satisfy 
h,(a) - n/log n 
and this completes the proof of the theorem. 
Numerous other results have been obtained such as analogs of Mertens’ 
Theorem, the twin primes conjecture, and Hardy and Littlewood’s 
conjecture regarding the density of twin primes [3]. Williams [2] has 
obtained a considerably stronger version of this theorem using another 
method. 
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